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The frequency response approach to the design of automatic 
controls is the dominant one today. This approach in a strict 
sense may be said to have started with a paper in 1932 by Dr. 
H. Nyquist,a physicist at the Bell Telephone Laboratories. In 
this paper Dr. Nyquist was concerned with the stability of 
feedback amplifiers. This work can be said to have made pos-
sible the transcontinental telephone as well as modern radio 
and television. Dr. Hendrick Bode,mathematician at the Bell 
Laboratory, extended the results of Dr. Nyquist and obtained 
some simple design criteria that enabled even technicians with-
out much mathematical training, to determine whether or not a 
system is stable. 
In the study of physical devices one is generally concer-
ned with inputs and outputs to the devices. As the inputs 
are varied the outputs are affected. This study is often 
reduced to that of the relation between one input and one 
output. 
In a broad sense the frequency response approach to the 
design of a physical device, may be said to be that in which 
use is made of the response o£ the output of the device to 
sinusoidal oscillation of the input. 
The needed information about the system is visualized 
easier from the frequency response curves, than from the 
differential equations. In writing down the differential 
2 
equations for a physical system the dominant factors need to 
be considered. Except for errors in measurement, the experi-
mental frequency response curves for a physical device truly 
represent this device. 
The system frequency response is much affected by the 
behaviour o£ its components with variation of the frequency. 
The frequency response of each component should be on hand 
before the overall frequency response has to be predicted 
theoretically. Experiaental frequency response will give 
more accurate results, because a simple analytical approach 
does not involve the nonlinear effects of the components 
characteristics. 
CHAPTER 1 
ANALYTICAL DETERN[NATION OF FREQUENCY RESPONSE 
p-C SYSTEM 
General Relationship for Separately Excited Shunt MOtor 




Vm = Eg + I.Jlm + L~t (1) 
v£ = IrRr + Lr:!r •••• (2) 
Armature circuit: 
Field circuit: 
Electromechanical coupling: Eg = Kew ••••••••••••• 
T = Ktlm ••••••••••• 
v -m armature 'VOltage, volts 
I -m armature current, amperes 
R -m armature resistance, Ohms 
L • m armature inductance, Henries 
Eg back em£, volts 
Ir - £ield current, amperes 
Rr - field resistance, Ohms 
Lr - field inductance, Henries 
w - angular velocity, sec-1 
Kt - torque constant, in-oz/amp. 
Ke - back em£ constant, volt-sec. 
T - developed torque, in-oz. 
(3) 
(4} 
The accuracy o£ the above equations is limited by nonlinearit-
ies in the various circuits. For example, the brushes in the 
armature circuit obey Ohm's law only at low load. But as the 
bruah resistance 18 small compared to the overall armature 
i Rr I~ i 
F'IGUR: ·~ 1 





MAGN ETIZATION CURVE 
4 
5 
resistance this nonlinearity can be neglected. The main cause 
for nonlinearity in the motor is the relationship between the 
air-gap r1ux and the field current, which can be shown by the 
magnetization curve in Figure 2. If the operation of the motor 
ia kept below the knee of the magnetization curve, approximatioD 
of a straight line can be made. I£ a strong field that saturates 
the magnetic circuit is applied, these nonlinearities have no 
influence. Actually, the field of highly-saturated d-e machine 
remains quite constant. 
The effect of armature reaction in reducing the main field 
is can~ed aa much as possible by means of compensating fields-
On the other hand, if the motor is controned by varying the 
field current, non-linear operation of the motor is expected. 
A good example for this is the series motor (which will not be 
discuaaed here). 
The MOtor Transfer Function 1 • 2 • 3 
Assuming that the flux remains constant and substituting 
equations (3) and {4} in (1), 
!!,m . Lm dT ( ) Vm = Kew + xt T +It dt •••••••••••••• 5 
With the conditions of constant applied voltage and zero rate 
of change of torque, corresponding to steady state condition . 
of the speed-torque characteristics, we obtain equation (6) 
ltt T = (Vm- Kew>-a; •••••••••••••••••••• (6) 
Equation (6) is a family of straight lines whose constants 
aay be found from the torque -speed characteristics: 
~. All re~erences are in bibliography. 
6 
Kt oT 
~=- • • • • • • • • • • • • • • • • • • • • • • • • • • • (7) 
Rm "bVa 
K8 Kt oT 
_.---. =-
Rm ow 
Using eq. (7) 
'bT uT 
T =--- V• +-- w ••••••••••••••••••• (8) 
ov. Ow 
If' the mechanical load on the aotor consists of' inertia J . 





using eq. (8) and substitute eq. (7) ·;·\''rl } : HV-iJ 
(9) 
Kt KeKt 
T = Vm------- w ••••••••••••••••• (10) 
Rm Rm 
By the method of Laplace transf'oraation and remembering that 
w= 
-
-- = p8 ••••••••••••••••••••••••• (11) 
dt 
Vm(~J 
8 = ---------------KeKt p(Jp + f' + -) 
Rm 
•••••••••••••••• (12) 
where J and t are the combined motor and load moment of' inertia 
and friction. Or in the usual form: 
9 Km 












The Motor Moment of Inertia 4 
7 
The retardation method was used to find the .ator ~aent 
ot inertia. The Kinetic energy of the rotor is equal to 
•••••••••••••••••••••••• (14) 
where W, w, and J are the kinetic energy, the angular Telocity 
and the aoaent of inertia of the motor. 
Differentiating with respect to t 
dW dw 
and the power P=-=Jw-
cit dt 
•••••••••••••••••• (15) 
or P = Jwa 
The no-load loss at any speed is equal to the friction, 
windage, core and a small araature copper losa, at the same 
speed. Uaing those values of power, speed and retardation 
(evaluated from the retardation curYe) the motor aoaent of 
ine~ia can be found.. The motor apeed-ttae characteristic, 
when retarded from 2000 rpm with closed field circuit was 
recorded directly by means of the Brush Recorder and a small 
tachometer. The recorded response ia shown in Figure 3. A 
Larger scale is used in Figure 4 in order to calculate the 
retardation values. The corresponding values of power were 
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Using the values of power from Table I and the Yaluea oC re-
tardation eYa1uated from Figure 3. we obtain Table II. where 
n - aotor speed. rpm 
w - motor speed. rad/aec 
P - no load power input. watts 
a - retardation. rad/aec2 
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CALCULATED a AND J FROM FIGURE 3 
n w a p J 
rpm see-1 sec-2 watts in-oz.aec2 
600 62.8 89 6.0 0.152 
800 83.5 107 9.2 0.143 
1000 104.0 121 12.4 0.140 
1200 125.0 130 15.6 0.136 
1400 146.0 138 19.0 0.134 
1600 167.0 147 24.0 0.139 
Several values of inertia were calculated trom which tke value 
J = 0.140 in-os.see2 •••••••••••••••••(16) 
is the average value of the motor moaent of inertia. The aain 
sources o£ error in finding the moment ot inertia ia due to: 
(1) Preasing a tachometer to the motor shaft causes another 
friction torce. 
(2) This force is not conatant~ (in 1). 
(3) •onliDearities in the tachometer characteristic. 
13 
The Motor Constants 5' 6., 7 
Using Figure 6 and equation (7), it can be shown that: 
a) Damping constant. 
-=--




- 6.13 in-oa.sec 
--- = Ke = 1.15 volts-sec. 
"bW 
c) By plotting the torque as a function of the armature current 
the motor torque constant is obtained from Figure 7, 
tan oi. = Kt = 123 in-oz/amp. 
and from Figure 6, it is easily confirmed that 
'bT 
Kt = --V Rm = 5.33 x 23 = 122.6 in-oa/amp. 
om 
d) The motor gain. 
Substitute the above values in equations (13) and nealect 
the motor viscous Criction, then 
lt 1 
K = =-- = 0.87 (volt.aec)-1 
am(£ + leKt/Rm) Ke 
e) The motor time conat~t • 
- -.j . 
Tm = f + KeKt/Rm = 0.0228 sec 
Substituting the aboye yaluea in equa~ion (13) would result 
the motor transfer function: 
i = 0.87 
Vm p(0.0288p + 1) •••••••••••••• (17) 
14 
TABLE III 
LOAD TEST OF THE D-C K>TOR 
v I n T 
volta amps rpm f't-lb 
30 0.20 240 o.e4 
30 0.48 170 3.00 
30 0.64 150 4.20 
30 0.72 130 4.80 
40 0.20 330 0.72 
40 0.42 300 2.40 
40 0.60 250 4.00 
40 0.90 200 6.60 
50 0.18 400 0.6, 
50 0.38 390 2.10 
50 0.54 360 3.60 
50 0.80 31Q 5.70 
50 1.20 300 7.80 
60 0.30 500 1.68 
60 0.66 430 4.62 
&0 0.98 360 7.26 
60 1.18 llO 9.00 
60 1.31 310 10.20 
70 0.24 600 0.96 
70 0.55 550 3.6 
70 0.74 510 5.16 
70 1.08 450 8.10 
70 1.30 410 9.30 
80 0.20 710 1.20 
80 0.60 640 3.48 
80 o.ao 600 5.51 
80 1.06 540 7.80 
80 1.32 500 10.10 
100 0.26 900 1.20 
100 0.56 850 3.60 
100 0.83 800 5.87 
100 1.12 750 8.40 
100 1.33 700 9.90 
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Open-loop Characteristics o£ Amplidyne and MOtor 7 
When an amplidyne is used to excite a d-e motor in a 
control system, (Figure 8), a transfer £unction can be £ound 
using the motor characteristics previously determined, but 
remembering that the motor armature circuit impedance is 
changed because a source o£ power having a certain amount of 
output impedance is applied. 
a) The motor-load trans£er £unction: 
The voltage applied to the armature o£ the motor is the gen-
erated voltage. o£ the amplidyne Vd• 
where R = Rd +lim 
Ld+ Lm 1:a - Rd Rm 
From equation (8) 
••••••••••••• (18) 
•••••••••••••••••••••••••• (19) 
Im = Vd - Kep9m 
R(1:aP + 1) ·~····················· (20) 
The torque results £rom the motor armature current Im will be 
consumed in accelerating the inertia Jm ot the motor, the in-
ertia or the gear train Jg• and that or the load Jl• reduced 
to motor shaft; it also will be dissipated in overcoming any 
viscous friction in the rearing and bearing. Thus the torque 
equation is , 
2 Vd • KeP8m 
Jp em+ .fp91B = 'tim = Kt, ( R 'raP + 1) ••••••• (21) 
Usually, and here, 








AMPLI DYNE - T>10 TOR CONTROL :3 YS Tf~·~ 
and with this approximation 19 
Kt KtKe 
- vd = (Jp + £ + ->PS. 
R R 
or ••••••••••••• (23) 
J 
T,.. -----l:t~e 
where •••••••••••••••••••••••••••••••• (24) 
£+-
R 
and the motor-load tranaf'er fUnction will be 
9a Kt/ R(£ + KtKe/R) 
-- = ----------------
•••••••••••••••••••••••• 
yd p(TmaP + 1) 
b) The amplidyne transfer £unction 
The aaplidyne constants aa measured (see Figure 9) 
are: 
Control f'ield circuit: 
(Fl-11"4) 
Direct axis circuit: 
(Cl-C4) 
R.r = 1660 Ohms 
L:r = 90 Hy 
Rd = 56 Ohms 
Ld = 0.83 Hy 
Quadrature axis circuit: R = 26 Ohms (Armature circuit) Lq = 2 Hy q 
Data were taken :for the no-load ClWV'~ of the amplidyne 
when a f'ull and a bal.f .field ·:was~ excited (Table IV). 
The control .field circuit (Figure 8) 
(25) 
Vf 
I.r = ••••••••••••••••••• (26) 
R;f('l:f'P + 1) 
!he quadrature circuit 
(27) 
20 
View looking at back of terminal boerd 
Series 
Control Field 
Drive Motor Amplidyne Generator 
FIGURE 9 
THE AMPLIDYNE SCHEMATIC DIAGRAM 
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Substituting equations (~6 )' in ( 2 7) 
I = ltg Vf ( ) •••••••••••••••••••• 28 
q RtRq(~fP + 1) (~qP + 1) 
X:Vt 
v d = !:dlq = • • . • • • • • • • • • . ( 29) 
RtRq(trP + 1) (!qp + 1) 
where K = Kci:lq 
The unloaded amplidyne transfer tunction is therefore. 
Vd K/RtRq 
-- = ------------------- •••••••••••••••••••••••• (30) Vt (~fP + 1) (~qP + 1) . 
When a current source is used to excite the aapl14yne. the 
following expression will be found by aubatitutiag equation 
(26) in equation (30) 
!Q = K/Rg 
It ~qP + 1 
••••••••••••••••••••••••••• 
From the· no-load test. Figure 10. it is shown that for 
sero frequency 
(31) 
~t = !_ = [~] = 41.5 volts/ma •••••••••••••• (32) 
Rq t w = o 
substituting Yalues in equation .tll ), thPn 
where 
!sl = __ 4_1_. 5--
•••••••••••••••••••••••• (33) 
11 o.o77p + 1 
L ~ = ~ = 0.077 sec 
q llq 
knowing tbe constant• aad .. kin& use ot 
kt = 123 in-os/up 
Ie = 1.15 Yolt.aec 
R = Rd + Rm = 56 + 23 - 79 Ohma 
J = 0,140 in-oz.sec2 
it is £ound that by neglecting the motor friction. 
Kt = :_ = 0,87 {Tolt.aec)-l 
R{f + Kt.Ke/R) Ke 
J 0.140 
----- = ---- = 0,078 sec 
l + ~l:e/ll laJ.5312j 
79 
and the motor-load transfer function would result 
e. o.s7 
-- = ------------ •••••••••••••••••••• vd p{p.o7sp + 1) 
22 
(34) 
The oyerall transfer function Gl the amplidyne-motor com-
bination is 
e. e. Va 36.1 
- -- - X - -- {35) ••••••••••• 
Ir vd Ir p(o.o7ap + 1) {o.o77p + 1) 
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TABLE IV 
NO LOAD TEST OF THE AMPLIDYKE 
Full t'ie1d Hal£ field 
Ir voi~. Ir v ma ma Tole a 
o.o 5 o.o 8 
1.0 33 1.0 20 
1.3 40 1.6 34 
1.6 50 2.3 48 
1.8 60 3.3 70 
2.3 76 4.1 87 
2.6 88 5.0 104 
3.0 102 5.5 120 
3.3 113 5.9 130 
3.7 130 6.6 149 
4.1 146 7.4 167 
4.4 160 a.o 181 
4.8 176 8.5 194 
5.2 194 9.0 206 
5.6 210 9.7 223 
6.5 245 10.5 244 
6.7 260 . 11.3 258 
7.0 278 12.2 280 
' . 
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A-C SYSTEM 
Operating Characteristic of 2-phase Induction MOtor 
The operation of two-phase induction motor differs 
from that of conventional induction motor, principlly 
because the voltages applied do not constitute a balance 
polyphase set. The type of induction motors for servo 
work have very high rotor resistance and hence very low 
operating efficiencies. But on the other hand, the motor 
torque characteristic is fairly linear. Speed-torque 
25 
curves for different values of control voltages were app-
roximated from the characteristic given by M. A. Steinhacker 
8 and w. E. Meserve • Those are given in Figure 11. 
TABLE V 
CHARACTERISTICS OF THE MOTOR (DIEL MFG.) 
Style number ••••••••• FP 25-2 
Power output • • • • • • • • • 2 watts 
Poles •••••••••••••••• 4 
Frequency, cycles/sec. 60 
Volts per phase ••••••• 20 
Amperes •••••••••••••• 0.85 
Inertia, in-oz.sec2 •• 0.508 x 10-3 
Discussion of Torque Coefficients 
Since the motor is of 2-phase type, it is very sen-
sitive to harmpnics in the applied voltage wave. The 
expression of motor torque characteristic which can be 
·I • 
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used in servo system 
~T ~T 
T =-- w + V •••••••••••••••••••••••• (36) 
1w ~v 
where w is the motor speed, and V is the control voltage. 
The use o£ the above equation involves determination o~ 
the coefficient ~T/~w in the neighborhood of the operating 
~T 
speed, and -- in the neighborhood of the operating control 
~v 
voltage. Observation of Figure 11 shows that for speeds 
below 1000 rpm the speed-torque curves are of fairly con-
stant slope. Therefore, the assumption that ~T/~ is a 
constant value over the normal range encountered in zer-
oing operation gives fairly accurate results. Since during 
the zeroing period, the speed-torque curves are fairly 
parallel, and indication of the value ~T/~V can be obtained 
by using the blocked or zero speed values. 
System Damping Factor 
The system damping factor consists of the motor damping 
constant and the system friction. The system friction is 
determined by the following method: 
A very light and small wheel (made ot wood) was 
attached to the shaft of gear z4 , as shown in Figure 12-a. 
A weight ot 200 grams was suspended on a string wound 
on this wheel, shown in Figure 12-b. By letting the system 
be tree of any external forces except F, the weight will 
move downward due to gravity. The system will come to a 
steady state condition when the torque produced by F will 
be equal to the torque due to the friction ot the ayatea, 
28 
(a) 
nM I Z1 JI.10'I'OR r z1 18 Teeth .. -
z2 - 143 " 22 z3 
Kg = nT/nM 1/3 z3 
-- 23 " 
z4 - 72 " 
hrn Zs - · 54 " ( nT Z ~, :'ACHOJI.1ETER 





A-C SYSTEM GEAR TRAIN 
29 
and the dragging ~orce o£ the tachometer. The steady state 
velocity is measured by recording the tachometer output 





the torque on the motor sha£t 






the motor angular velocity 
r5 
wl = w5 -
rl 
Remembering that the radii of' the wheels are proportional 
to the nuaber 0~ teeth. we obtain. af'ter substituting the 
values o£ Z'• given in Figure 12 • and the £ollow1ng values 
F- 200 gr. = 7.06 oz. 
r = 0.75 in. 
w5 = 400 rpm = 42 rad/sec 
it ca~ ~e shown that 
18 23 
T1 = 7.06 x 0.75 x-- x ---- 0.213 in-oz 72 143 
the motor angular velocity 
54 
w1 = 42 -- = 126 rad/sec 
18 
By approxi .. tion. aaaumdng that the friction constant 
reduced to aotor shaft is 
T 




TACHOMETER RESPONSE FOR DETERM[NING THE 
A-C SYSTEM FRICTION 
30 
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The Motor- Load Transfer Function3,9,10,11,12 
The motor-load system consists of a 2-phase inducti~n 
motor running a d-e tachometer through a gear train as sh~~~ 
in Figure 12-a. Knowing the motor speed torque characteristic, 
the motor torque constants can be determined, for 2 volt rms. 
applied to the control field. From Figure 11 and equation (10) 
we obtain 
a) The motor damping constant 







ow wno-load 600 2T 
b) The motor torque constant 
1T Tstall 




'bV vapplied 2 
Equation (lQ)can be rewritten as 
T + 111W = . kV • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 3 7) 
Using Laplace transform, the motor-load differential equation 
would be given by 
J p2e + fp9 = kV- mp9 ............................ (38) 
which is rearranged as follows: 
9 k 
-- - --------------
• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 39) 
v p(Jp + m + f) 
or 9 km 
-
-
••••••• ~ ••••••••••••••••••••••••••• (40) 
v p(~p + 1) 
km - k/(m + f) where 
••••••••••••••••••••••••••••••••••• ( 4 Oa) 
'1: = J/(m + f) 
Substituting the known values, Equation (40a) becomes 
km = 0 • 3 = 30 (volt-sec)-1 
0.01 
o.sos x lo-3 
T - = o.508 sec. 
0.01 
Substituting the above in Equation (40), the motor load 





v - p(0.0508p + 1) 
CHAPTER 2 
GRAPHICAL DETERMINATION OF FREQUEKCY RESPONSE13 
Because ot the difficulty in analysis or rotatiag coa-
ponents. magnetic amplifier.pneumatic and hydrodynamic systems. 
and tbe like. an analytic expression for the transfer function 
may be difficult to obtain. Determination of a component 
transfer function usually means determination of gain and 
phase relationship between the input and output signals to 
the particu1ar component or system. Frequency-response data 
obtained experimentally present two problems: errors in 
measurement and unexpected factors in the transfer £unction, 
due to nonlinearitiea in the components' characteristics. 
Phase shift mea$~ements. for example. are usually less 
accurate than attenuation measurements. On the other hand, 
the phase shift angle at the high-frequency end or the data 
is often greater than that expected !rom the attenuation 
characteristic by more that can be attributed to experimental 
error. 
By making approximations with asymptotes to the actual 
response, a transfer function can be determined. 
34 
D-C SYSTEM 
Description of System Tested 
In order to take data for the frequency response and in the 
same time eliminate errors as much as possible·:; ::& .slmple;· position 
control system was built. The schematic diagram of this system 
is shown in Figure 14. 
The principle components are: 
1) Pair of synchros for detection of position errors 
of the output of the system. 
2) Electronic Amplifier (Figure 17). 
3) Aaplidyne, to supply the command signal to the 
motor. 
4) D-e shunt motor, the actuator unit. 
Figure 15 is the block diagram o£ the control system. Figure 16 
is the schematic setup for measuring the frequency response. 
Principle of Operation 
When an error input signal is given to the electronic 
amplifier while the amplidyne is rotating, a voltage will be 
built up., applied to the motor and an output stta:l't. position 
will occur. by fixing a synchro generator rotor with 110 volts 
rms applied to it, a suppressed carrier amplitude modulated 
signal will occur at the control transformer rotor terminals. 
A sinusoidal type of signal is geuerated by the function 
geuerator and applied to the input terminals of the electronic 
amplifier. By exciting the amplidyne with this amplified signal 
a voltage will be generated at the output terminals of the amplidyne 
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The two signals are recorded by means ot the Bruah-
Recorder. which has the adTantage of recording two signals 
at the same time. A use of high peraiatance oscilloscope ia 
··rQ~omaended for checking waTe toras before recording them. 
in order to have the waTe form from which the phase shift and 
gain will easily be calculated, and a great deal of recording 
paper will be saved. 
The unbalance of the amplidyne field which can be com-
pensated · by the electronic amplifier will Cllllae a net rotation 
of the motor in one clirection. This will app-A'ar , on. · .. · 
the recording paper by unsymmetrical wave form, a fact that 
baa to be taken care of if more accurate reaulta are needed. 
This is done by adjusting the cathode resistance. 
) 
Frequency Response from Experimental Data 
The gain variation can be f'ound by measuring the input 
and output voltages of the system. As for the phase shif't, 
it can be determined by using the proper multiplying constant 
!or the different frequencies. An example is shown in Figure 
184 As it is shown, it is easier to measure the two peak-
to-peak values of the signals, and calculate the gain; 
the phase lag in mm is measured between two peak points on 
the two wave forms. Care should be taken in measuring the 
phase shift in the low frequency range. Up to about 2 cycles 
per second the control transformer will have more than 180° 
change in shaft position, and it will appear on the record 
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D-C SYSTEM 
FIGURE 18 
THE RECORDED INPUT AND 
OUTPUT SIGNALS 
40 
- ·'-·- ___ !
From Figure 18 we obtain: 
Frequency (£): 




Input signal (Ein): 
Output signal (Eo): 
17 mm = 17 x 0.2 = 3.4 volts 
19 mm = 19 x 5 = 95 volts 
Phase shift (8): 19 mm = 109.6° 
The constant multiplier £or phase angle calculation is: 
k = 360 X f/~ = 360 X 0.4/25 = 5.76 
the phase angle 
the gain 
0 9 = 5.76 X 19 = 109.6 
IKGI= Eo/Ein = 140/3.4 = 28 volts/volt 
Table V shows the calculated frequency response from the ex-
perLmental data. Where 
f. w - frequency 
- recording chart speed 
Einl - scale used in recording input signal 
Ein2 - peak-to-peak value in mm o£ the input signal 
Ein3 - peak-to-peak value in volts of the input signal 
Eol - scale used in recording output signal 
E02 - peak-to-peak value in mm o£ the output signal 
E03 - peak-to-peak value in volts of the output signal 
9 phase angle (shift between output and input) 
IKGI system gain 
IJGI - the amplidyne-motor gain 
KAKgKs 
KA - amplifier gain 
Kg - gear ratio 
K8 - syncbro transfer £unction 
42 
TABLE V 
D·C SYSTEM FREQUENCY RESPONSE • EXPERIMENTAL DATA 
t 
" 
Ein Eo e 
c/atc sec·1 •/see )il (2) (3) (}) (2) (3) 
v • • volt ,. 1111 volt mm degre1 
0.3 1.88 25 0.2 17 3.4 s.oo 25.0 125.0 23 ·100 ~800 31.4 19.80 
0.4 2.51 25 0.2 17 3.4 s.oo 19.0 95.0 19 ·109 ~000 28.9 15.00 
0.6 3.77 25 0.2 17 3.4 5.00 12.0 60.0 14 ·121 1600 25.0 9.45 
0.8 5.02 25 0.2 17 3.4 2.00 24.0 48.0 11 ~127 1800 23.0 7.40 
1.1 6.90 25 0.2 17 3.4 2.00 17.5 35.0 8 ·135 ,300 20.3 5.54 
1.5 9.40 125 0.1 32 3.2 1.00 24.0 24.0 34 ·149 ,500 17.5 2.64 
2.0 12.55 125 0.2 17 3.4 1.00 20.0 20.0 29 ·168 ,900 15.4 2.08 
3.0 18.80 125 0.2 17 3.4 0.50 21.0 10.5 22 ·185 100 9.8 1.09 
4.0 25.10 125 0.2 19 3.8 0.50 14.0 7.0 18 ·198 840 5.3 0.64 
5.0 31.40 125 0.2 19 3.8 0.20 18.0 3.6 15 ·216 950 • 0.5 0.33 
6.0 37.70 125 0.2 21 4.2 0.20 15.0 3.0 13 ·225 715 • 2.9 0.25 
7.0 44.00 125 0.2 23 4.6 0.20 13.0 2.6 12 ·242 565 • 4.9 0.19 
9.0 56.50 125 0.2 23 4.6 0.20 6.0 1.2 10 ·255 261 ·11.7 e.o9 
10.0 62.80 125 0.2 32 6.4 0.05 15.0 1.2 9 ·260 195 ·14.2 0.07 
Table VI sh~ws the calculated :frequency response :from the 
theoretical transfer :function, equation (35) on page 22. 
Transfer Function from Frequency Response 
43 
Figure 19 shows the actual frequency response of the 
4-c system. Fitting series of straight lines as asymptotes 
will determine the corner :frequencies. In Figure 19, two 
straight lines are :fitted with a double corner frequency at 
w = 27 rad/sec. 
this gives the two time ,constants of the overall transfer · 
function. In order to obtain thetransfer function of the 
' amplidyne-motor set, the overall transfer :function was divid-
ed by the gain of the amplifier, the gear ratio and the gain 
of the synchro. 
a) The amplifier gain is 
KA = 2.86 ma/volt 
b) The gear ratio (Figure 20) 
Kg = 1/60 
c) For the synchro, two different gain constants were 
used: One for the high :frequencies, and one for the low 
:frequen.cies. The reason :for that is the fact that for low 
frequencies the control transformer has a larger change in 
shaft position compared totlat. -:for high frequencies. The two 
gain.s are chosen from Figure 21 on page 49. 
(Low :frequencies) K81 = 39 volts/rad 
(High frequencies} Ks2 = 59 volts/rad 
















D·C SYSTEM FREQUENCY RESPONSE • THEORETICAL DATA 
.:tl o.0775w jo.0775wj + 1l lo.0775wj + 1l 2 9 degree 
1.88 0.146 1.010 1.020 ·106.J 
2.51 0.195 1.021 1.042 ·112.~ 
3.77 0.292 1.040 . 1.081 ·122.~ 
5.02 0.389 1.071 1.148 ·132.6 
6.90 0.535 1.136 1.290 ·146.2 
9.40 0.730 1.238 1.533 ·162.~ 
12.55 0.974 1.396 1.950 ·118.~ 
18.80 1.460 1.770 3.130 ·201.2 
25.10 1.950 2.290 5.240 ·215.6 
. 31.40 2.430 2.625 6.860 ·225.~ 
37.70 2.920 3.090 9.550 ·232.~ 
44.00 3.410 3.565 12.700 ·236.~ 
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obtained in Figure 19, a£ter subtracting the proper gains, 
(a), (b), and (e). This is the £requeney response o£ the 
amplidyne-motor set, and the transfer function ia of the form 
Kma 
where 
substitute the values 
~ = .!. = 0.0455 
22 




p(0.0455p + 1) 
2 •••••••••••••••••••••• 
Plotting the variation of the phase shi£t with frequency 
(42) 
(43) 
as given in Table VII (page 46) in Figure 19, ahowa how 
close this compares with the measured phase shift. Figure 
22 is a polar plot of the frequency response obtained analy-
tically and experimentally. Figure 23 is the high-frequency 
portion of the frequency response. A negative phase margin 
is seen, which has to be taken care of by means of compen-
sation tor a stable closed-loop control system. The compari-
son of the analytical and the experimental frequency response 
is given also in Figure 24 on page 52. 
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TABLE VII 
PHASE SHIFT VARIATION OF DETERMINED TRJXSFER FUNCTIOH 
a:c-1 I {0.0455jw + 1) t Jw(0.045~J• + 1}2 0.0455w degree 
degree 
3 0.131 7.5 -105 · 
5 0.228 13.0 -116 
7 0.138 17.5 -125 
10 0.412 22.5 -135 
15 0.682 34.0 -158 
20 0.912 42.5 -175 
30 1.310 52.5 -195 
50 2.280 66.5 -2'23 
70 3.180 72.5 -235 
!1. 1.,_ ~1 ·...j 1 '0 ..... ·;) I. IJI C. ~1-0 
- -·~ . ·- -· ·- '"! __ __ "'! - --;·· · 
·- ------ ··-:·- - -r-- -----r- ~ 
· ~ 
! ., 
~ : ~~: -~~~!!\~.~~~ r\,~;.{! ~ t~~n ( ~~i ~ f~e-d~ g~ip~ i call y) (~.: 'Ampl1~fyTi e~Motorl ·:· :_ 
C -The system phasr.:: variation: ~s ' measl.lreq (Table V) , · _'. ' ; .. ! 





r . I : j i .. ; 
~- --·-·· _ _L _ _ i ___ ·-- . ..... .... ! . .. _ ... - ~<:j·· . ·--'-~-...: .. _ '--·; ...,. -· 
. ' .i ~ l I 
' . . -1 .... . - -· (~ ~~-~1 L__ _ .S:_ -.i -- I I. . - . -~ 2 C f -~ --. -· ' · · . I 
'----·- -- - -I I -
1- . . . 






--· . ·- -t 
. . I ' 
i 
--- - ~ -..,--- -· · 
i 
' · , . ; 
·. I 
·i ···: 
- . ·t 
I. ' 
I ·! 
! -- _j __ - 0 ..... ~-- -~-
1 ; . ' • . . 
-90 
-, i-r ·r ~----- " ·--- · :· · -- :!----~-::_ ~ : : ! 
. I I I ' !· ·I -120 : ' .. ; I J. . ~ I - ----- ' 
. - ~ -~- i·- c- __.[j_ :j! : . I c ~ , I i ~· . I. · 1 . • ; -
i . . --C , -- " - --1-- l& ' ' . , . ·I· ''l'' ,, ~ I i : ' i ~ _ .. , ~ l • :· -~- c'-i"f· .· •,:J:::h 
L ---.--· - ------ · ·-- .. .... ·-· 
---i---· I ' : I I 150 i . •• "I . ' . >!, 1~1 l'' 
r I -. . ~ xo ""- . - · 1, - ~---~~-- · ,. r ~- ::.. ____ H-··_· .J_ _ ·; · :; .·;· i.r ::! e>: 1 ! 
k 
, ,-, . .. I i i i ' ~ i ';/ --; f ·:·t-Jlf: ~ ~f ;:_: ' I 
_ _ 
1
. .. ;:f .· ,;. - L, ' tl-l '' t>li·'· 
. _ ·_· --- _: · - ; I ' I • - ' . "' - I , __ : -- ,Y•.! ; 
- ------·----" ' I ; . : ' . • I ' Ji 1P '!' ~ _ _ _ _ · ' • _ • ; - , : · r + 1 t , i ---";- ,- ~til ~~+ 
. . ' ' ' --' . - . .. F ---- --- , ,-·- ., --- --- .r - . I - ·_ . _ , 
1 
• - , : i _, - ~ i ---:~ ~ [ ~, ' - :- :-~ 
! .... 1 . . 1 . . , ' ' - " • Ol I • [}) I ~----- - --- -- -- J _ --- , , , , ' ·' ' . --- i4e-- _, ' : "' ' -- --. ~ ----- ,. . ~ .. ' ----- .. ',_, 
; ·----- ~ ~- - +---L- _:_1--~~~ : - : . +._I - , :>-; ~2~o _j -- -~~-_r:yj i-;r 
I .. I '!'. : . ~ · ~ --~-- - _.1KAK I( l-1 •·. .I I - -~---.--:- --· 1" " ...., 
L 
. . '" . . ' ' I I . . . . g"ll2 . ' ' '. " ' 




· I ; d ' .. • ·"'J • .. ! . . .. 1 1" J- .... !.,..: 




Hz7 MOTOR r jz1 z4 \ 
nM 
Kg = nc/nM = 1/60 zs ZR 
I cONTROL TRAN.I ~ lz6 • nc 
_z1 - 28 Teeth 
z2 = 130 " 
z -
·3- 20 " 
z4 - 5R " 
zs - 32 " 
z6 - 35 n 
z7 - 20 " 
Zg - 82 n 
FIGURE 20 
D-C SYSTEM GEAR TRAIN 
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A-C SYSTEM 
Description o£ System Tested 
The system designed consists of the following main com-
ponents (Figure 25, page 58). 
l) A pair o£ synchros for generating a modulated carrier 
signal 
2) Electronic amplifier to amplify the input signal 
(Figure 28, page 61,62) 
3) 2-phase induction motor of which the fixed phase is 
exci~ed by 60 cps, 20 volta rms 
•> A d-e tachometer as the output measuring device of 
the system 
The block diagram in Figure 26 shows the system components 
as far as the overall transfer function is concerned. Figure 
27 is the schematic set-up for measuring the frequency response. 
Principle of Operation (Figures 25,26,27) 
A d-e motor turning an excited synchro generator will 
cause a sinusoidal modulated signal to appear between the 
generator fixed phase terminals. The voltage is induced in 
the control transformer variable phase which was applied to 
the system input terminals. An amplifier amplified the signal 
and applied it to the control phase of the a-c motor. A 
tachometer, coupled to the motor through a gear train gaYe 
an indication of the output shaft variation (tachometer 
constant ia 2 volta/100 rpm). 
The phase shift between the control phase Toltage and 
the reference phase yoltage was adjusted to 90°, by means 
of the phase shirter (Figure 28a, page 61) 54 
After applying voltage to the d-e motor the calibrated 
dial was adjusted to indicate zero degrees, for minimum 
phase shift of the modulating signal between the fixed and 
the variable phase o£ tbe control transformer. Variation 
o£ the modulating frequency was made by varying the speed 
o£ the d-e aotor. The a-c motor oscillated back and forth 
due to the £act that the sign o£ the control signal depends 
on the polarity o£ the carrier signal. In the region where 
the signal amplitude approaches the origin, (Point A on 
Figure 29, page 63), the carrier signal reverses polarity. 
As a consequence, the tachometer output is of a sine wave 
fora. 
The input and output signal to the system were recorded 
by means of the Brush-Recorder, and the gain and phase shift 
were determined using the saae method that was described 
before. 
For the high-frequency range the phase shift was de-
termined by adjusting the variable phase position of the 
control transforaer to give zero phase shift pattern on the 
scope (Figure 30, page 64). For low-frequency operation, 
the frequency was deterained from the recorder chart, and 
for high-frequency by knowing the constant of the integrally 
mounted tachometer on the d-e motor, which was found to be 
1.6 volta per cycle per second. 
55 
Frequency Response from Experimental Data 
The phase shift and the gain variation were calculated 
£rom the recorded information and tabulated in Table VIII. 
The amplifier frequency response data were measured in the 
same method and tabulated in Table IX. 
The system and amplifier frequency response are given 
in Figure 31 on page 65. In order to obtain the motor fre-
quency response for the purpose of determining its transfer 
function. the amplifier response was subtracted from the 
overall system response tor the gain as well as for the phase, 
Figure 31 and 32. 
Figure 33 on page 67 shows how the motor frequency 
response was determined by subtracting the tachoaeter and 
the gear train tranater function from KG/KA. From Figure 




p(0.0333p + 1) 
Figure 34 on page 68 is the comparison between an~­
lytical and experimental results. 
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TABLE VIII 
A-C SYSTEM FREQUENCY RESPONSE - EXPERIMENTAL DATA 
w Ein Eo e IKGI sec-1 Y01t T01t degree 201og IKGI 
0.70 8.50 22.0 3 2.60 8.30 
1.32 1.50 22.0 - 10 2.60 8.30 
1.92 8.25 22.0 - 14 2.60 8.30 
3.00 8.25 22.0 - 20 2.60 8.30 
6.28 a.oo 22.0 - 37 2.60 8.30 
13.50 6.80 19.0 - 62 2.50 a.oo 
19.50 6.80 16.0 - 75 2.33 7.00 
26.20 6.80 13.0 - 85 1.90 5.56 
34.10 6.80 10.5 -100 1.55 3.80 
39.20 6.80 9.0 -110 1.33 2.48 
49.00 6.80 7.4 -120 1.09 o.eo 
59.00 6.80 6.0 -130 o.ss -1.20 
70.40 6.60 4.4 -147 0.67 -3.50 
84.00 6.40 4.0 -160 0.60 -4.40 
100.00 6.20 3.0 -172 0.48 -6.30 
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TABLE IX 
THE AMPLIFIER FREQUENCY RESPONSE DATA 
w gain 9 
rad/sec KA degree 201ogiA 
0.523 2.74 0 8.75 
1.54 2.74 0 8.75 
2.04 2.74 - 5 8.75 
6.53 2.74 -10 8.75 
13.50 2.66 -25 8.43 
20.70 2.48 -30 7.90 
29.10 2.48 -36 7.90 
39.20 2.28 ~44 7.16 
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-: - -. 
C1 = 0,005 MFD, paper, 40C VDC 
C2 C5 = 30 MFD, paper, 150 VDC 
C3 C4 = 0.25 MFD, paper, 400 VDC 
C6 = 0.1 MFD, paper, 400 VDC 
. . 
R1 =.100000 ohms, potentiometr.r 
R2 R5 = 850 nh~s, 5 watts 
R3 = 7500 nhms, 1~~~t 
R4 = 0.1 m~gnh~, potPntiometer 
T1 : ., ·-. r .-r , !. l. d. c- ' . . r ' , , .·r· . -_. '. ', :_ 
.. •. , • I . ' . , I I , • J,. -
T2 =Driver transformer, pri. to SPC, ratio 2.5:1 
FIGURE 28(a) 







~ il c 
- -i . 
6L6 
616 
0.05 MFD, paper, 400 volts 
o.5 M},D, paper, 400 volts 
R1 R2 200000 ohms, 1 watt 
R3 = 250 ohms, 10 watts 
R4 R5 = 15000 ohms, 2 watts 
62 
T1 = Output transformer for matching control field of 2-phasf' a-c 
motor impedance to 6000-ohm tube load 
FIGURE 28(b) 




THE RECORDED INPUT AND 
OUTPUT SIGNALS 
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CHAPTER 3 
SUMMARY AID CONCLUSION 
By analytical investigation of a d-e motor it was 
found that the motor transfer function is (equation (17)) 
p(0.0228p + 1) 
The motor constants were measured and calculated froa the 
speed-torque characteristics (Figure 6, and 7). 
The open loop characteristics of amplidyna and motor 
where calculated by using the above values and the measur-
ed constants o£ the amplidyne. It was found that the 
amplidyne-motor transfer function is (equation (35)) 
36.1 
p(0.078p + l)(0.077p + 1) 
In order to simplify the calculations £or frequency 
response determination, an assumption baa been made that 
a double pole.: , at 1/0.0775 deteraine the two tiae 
constants o£ the system. 
The transfer function o£ the 2-phase a-c induction 
motor was calculated from the speed-torque characteristics 
given in Figure 11. This transfer £unction is given in 
equation {41) as 
30 
p{0.0508p + 1) 
For graphical determination of frequency response, 
a simple d-e and a-c systems were designed. Two amplifiers 
were designed to supply the necessary power, using the 
system specifications. A function generator was used to 
supply the input signal, of a sine wave form, to the d-e 
system. For the a-e system, a suppressed carrier modula-
ted signal was supplied by a pair of synchros. 
70 
By considering the proper components transfer runction, 
the amplidyne-motor transfer function was found and given 
in equation (-43) 
319 
p(0.0-455p + 1)2 
For the a-c system the motor transfer function was found 
and given in equation (44) 
45 
p(0.0333p + 1) 
The Equipment Used in Measuring Experimental Data 





.ooa to 1200 cps in five decade 
ranges with wide overlap at each 
dial extreme. 
Within ~2~ from "1.2" to "12" on 
dial; ±3% from ".8• to •1.2". 
Sinusoidal, square, and triangularo 
Can be operated either balanced or 
single-ended. OUtput system is 
direct-coupled. 










10 millivolts per chart line (mm) 
Fullscale de£lection from chart 
center +200 milliTolts. 
-
.01~ .02, .05, .1, .2, .5, 1, 2, 
5, and 10 volta per chart line 
(DUll). .MaxilllWil oattenuator error 
1% with balanced input. 
.010 volt to 400 volts• 
.010 volt to 400 Tolts, side to 
side, allowable voltage orr-
ground. 
The recorded peak-to-peak ampli-
tude of a constant voltage sine 
wave will be w:f.thin .tl chart line (mm) of a nominsl 10 lines from 
d-e to 100 cps. 
D-e within 1% £ull chart width • 
A-c within 2% full chart width, 
any £requency within limits o£ 
maximum amplitude tor ink writing. , 
1, 5, 25, 125 mm per second. 




10% response point at 100 kc~ 
10% response point at 100 kc. 
Deflection factor 
Y Attenuator at 1:1• Y Amplitude Max. 10 rms mv/inch 
y Attenuator at 1:1, Y Amplitude Min.-115-190 " 
CONCLUSION 
Experimental study have corroborated the theoretical 
prediction that it is practical to determine the system 
frequency response from the components characteristics. 
72 
In the d-e system. the different time constants obta-
ined analytically and experimentally. cause the unmatching 
of the polar plots (Figure 22). 
The response of 2-phase induction motor to low fre-
quencies match very nearly that which have been found 
analytically. At high frequencies. however. the phase sh-
ift increased beyond 180 degrees. Such a system can be 
represented by more than one time constants. A more prob-
able transfer function for the form 
K 
KG - -----------------p(T1p + l)(T2p + 1) 
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